Abstract. In this note we show that for any hyperbolic surface S, the number of geodesics of length bounded above by L in the mapping class group orbit of a fixed closed geodesic γ with a single double point is asymptotic to L dim(Teichmuller space of S.) . Since closed geodesics with one double point fall into a finite number of M≀⌈(S) orbits, we get the same asympotic estimate for the number of such geodesics of length bounded by L. We also use our (elementary) methods to do a more precise study of geodesics with a single double point on a punctured torus, including an extension of McShane's identity to such geodesics.
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Abstract. In this note we show that for any hyperbolic surface S, the number of geodesics of length bounded above by L in the mapping class group orbit of a fixed closed geodesic γ with a single double point is asymptotic to L dim(Teichmuller space of S.) . Since closed geodesics with one double point fall into a finite number of M≀⌈(S) orbits, we get the same asympotic estimate for the number of such geodesics of length bounded by L. We also use our (elementary) methods to do a more precise study of geodesics with a single double point on a punctured torus, including an extension of McShane's identity to such geodesics.
In the second part of the paper we study the question of when a covering of the boundary of an oriented surface S can be extended to a covering of the surface S itself, we obtain a complete answer to that question, and also to the question of when we can further require the extension to be a regular covering of S.
We also analyze the question (first raised by K. Bou-Rabee) of the minimal index of a subgroup in a surface group which does not contain a given element.
General surfaces
Consider a hyperbolic surface S and a geodesic γ with exactly one double point p. Let γ 1 and γ 2 be the two simple loops into which γ is decomposed by p, so that in π 1 (S, p) we can write γ = γ 1 γ
−1 2
. It is easy to see that = γ 3 = (γ 1 γ 2 ) −1 is freely homotopic to a simple curve, and indeed: Theorem 1. The geodesic γ is contained in an embedded pair of pants whose boundary components are freely homotopic to γ 1 , γ 2 , γ 3 .
Proof. Since γ 1 , γ 2 , γ 3 admit disjoint simple representatives, it is standard (see, eg, Freedman, Hass, Scott [6] ) that the geodesic representative are disjoint, and obviously bound a pair of pants. Since a pair of pants is a convex surface, it follows that t γ = γ 1 γ −1 2 is contained in it. Theorem 1 establishes a bijective correspondence between closed geodesics with a single double point and embedded pairs of pants. The next observation is: Theorem 2. Let P be a three-holed sphere with boundary components a, b, c. Let γ be a closed geodesic in P freely homotopic to a −1 b. Then, the length of γ satisfies:
Proof. By the Cayley-Hamilton Theorem,
So,
and so
The result follows from this, the relationship between trace and the translation length and the not-quite-obvious fact that we can take A, B, C with traces negative (this follows from deep results of W. Goldman [7] , but in this case we need simply to have one case easy to compute -the thrice-punctured sphere does nicely).
Corollary 3. A closed geodeisc with a single double point on a hyperbolic surface S is no
shorter than 2 arccosh 3 = 2 log(3 + 2 √ 2). ≈ 3.52549 Such a geodesic is exactly of length 2 arccosh 3 if and only if S is a three-cusped sphere.
Proof. Since cosh(x) is monotonic for x ≥ 0, the result follows immediately from Eq. (1).
We are only interested in the case where ℓ(a), ℓ(b), ℓ(c) are large, in which case we can write ℓ(γ)/2 ≈ log(exp((ℓ(a) + ℓ(b)/2) + exp(ℓ(c)/2). Now, the boundary of the pair of pants can be viewed as a multicurve on the surface S of length l(a, b, c) = ℓ(a) + ℓ(b) + ℓ(c). Further, the three-component multicurves which bound pairs of pants fall into a finite number of mapping class group orbits.
Letting l(a, b) = ℓ(a) + ℓ(b), we see that
So, for large l(a, b), we see that Proof. The result is immediate from Theorem 4 and the observation that there is a finite number of mapping class orbits of geodesics with a bounded number of self-intersections.
Punctured tori
The results of the previous section have particularly a particularly nice form when the surface S is a once-punctured torus. A punctured torus T, can be cut along a simple closed geodesic γ into a sphere with two boundary components (each of length ℓ(γ) and one cusp. This means that to each simple geodesic γ we can associate two geodesics γ 1 and γ 2 both of which have a single self intersection, are of the same length, and if the translation corresponding to γ is A and that corresponding to γ 1 is B, then, from Eq. (2), (3) tr(B) = 3 tr(A).
be the number of simple geodesics of length bounded above by L on the punctured torus T, and let N 1 (L, T) be the number of geodesics with a single double point on the same torus, then.
Remark 7. The same result holds when instead of a punctured torus we consider a torus with a geodesic boundary component.
In addition, we easily deduce an analogy of McShane's identity ( [11] ) for curves with a single self-intersection. Recall that McShane's identity states that on a punctured torus 1
where the sum is taken over all the simple geodesics on the punctured torus.
McShane's identity can be rewritten by using the trace t(γ) of the hyperbolic translation corresponding to γ as follows:
Using this last form and Eq. (3), we obtain the "McShane's identity for selfintersection"
where the sum is taken over all geodesics with a single double point. 
Removing intersections by covering
It is a celebrated result of G. Peter Scott [17] that for any hyperbolic surface S and any closed geodesic γ, there is a finite cover πS → S, such that the liftγ toS is simple (non-self-intersecting). Since for any k, there is a finite number of mapping classes of geodesics on S with no more than k self-intersections, and the minimal degree of π corresponding to a curve γ is invariant under the mapping class group, it follows that there exists some bound d S (k) so that one can "desingularize" any curve with up to k self-intersections by going to a cover of degree at most k. Unfortunately, Scott's argument appears to give no such bound.
The question of providing good bounds for d S (k) is, as far as I can say, wide open. Here we will attempt to start the ball rolling by giving sharp bounds for d ( 1) .
Our first observation is that if S is a three-holed sphere, then d S (1) = 2. To prove this we consider (without loss of generality) the case where S is a thrice cusped sphere (the quotient of the hyperbolic plane by Γ(2).). The proof then is contained in the diagram below. As can easily be seen, the lifts of two of the boundary components (say, A and B) are connected, and the lift of C has two connected components. Now, suppose that γ is contained in a closed surface T. Since γ has a three-holed sphere neighborhood S, if the covering map described above extends to all of T, then d T (1) = 2. However, there are obviously examples where the map does not extend (f when T\S has three connected components, or, more generally, when the boundary one of the components of T\S has one connected component, the lift of which is connected -since the Euler characteristic of a surface with one boundary component is odd, such a surface is not a double cover. It is easy to see that in all other cases the double cover does extend). It is, however, clear, that a further double cover removes the obstruction, and we obtain the following result: Remark 10. The result is not sharp for some surfaces with boundary (for example, the thrice punctured sphere). The result is vacuously true for the 2-sphere and the 2-torus equipped with metrics of constant curvature, since all the geodesics for those metrics are simple.
Extending covering spaces
The results of the previous section suggest the following question:
Question 11. Given an oriented surface S with boundary ∂S, and a covering map of 1-manifolds π : C → ∂S the fibers of which have constant cardinality n. When does π extend to a covering map Π : S → S, where ∂ S ≃ C?.
It turns out that Question 11 has a complete answer -Theorem 12 below ( due, essentially to D. Husemoller [9] ). First, we note that to every degree n covering map σ : X → Y we can associate a permutation representation Σ : π 1 (Y) → S n . Further, two coverings σ 1 and σ 2 are equivalent if and only if the associated representations Σ 1 and Σ 2 are conjugate (see, for example, [8] [Chapter 1] for the details). This means that the boundary covering map π is represented by a collection of k = |π 0 (∂S)| conjugacy classes Γ 1 , . . . , Γ k in S n ., each of which is the conjugacy class of the image of the generator of the fundamental group of the corresponding component under the associated permutation representation.
Theorem 12. A covering π : C → C = ∂S extends to a covering of the surface S if and only if the following conditions hold:
(
1) S is a planar surface (that is, the genus of S is zero and there exists a collection
of elements of the symmetric group S n with σ i ∈ Γ i such that σ 1 σ 2 . . . σ k = e, where e ∈ S n is the identity. Proof. In the planar case, the fundamental group of S is freely generated by the generators γ , . . . , γ k−1 fundamental groups of (any) k − 1 of the boundary components. All k boundary components satisfy γ 1 . . . γ k = e, whence the result in this case.
In the nonplanar case, let us first consider the case where k = 1. The generator γ of the single boundary component is then a product of g commutators (where g is the genus of the surface, and so Σ(γ) is in the commutator subgroup of S n , which is the alternating group A n , so the class Σ(γ) has to be even. On the other hand, it is a result of O. Ore [13] that any even permutation is a commutatior, αβα
and thus sending some pair of handle generators to α and β respectively and the other generators of π 1 (S) to e defines the requisite homorphism of π 1 (S) to S n . If k > 1, the surface S is a connected sum of a surface of genus g > 0 (by assumption) and a planar surface with k boundary components. let γ be the "connected summing" circle. By the planar case, there is no obstruction to defininng Π on the planar side (since γ is not part of the original data). However, Σ(γ) will be the inverse of the product of elements σ i ∈ Γ i and so its parity will be the sum of the parities of Γ i . To extend the cover to the non-planar side of the connected sum, it is necessary and sufficient for this sum to be even.
Some remarks are in order. The first one concerns the planar case of Theorem 12. It is not immediately obvious how one might be able to figure out whether given some conjugacy classes in the symmetric group, there are representatives of these classes which multiply out to the identity. Luckily, there is the following result of Frobenius (see [18] 
where x k ∈ C k and the sum is over all the complex irreducible characters of G.
Special cases of the planar case are considered in [5] ; enumeration questions for covers are considered in a number of papers by A. Mednykh -see [10] and references therein.
The second remark is on Ore's result that every element of A n is even. This result was strengthened by E. Bertram in [1] and, independently and much later, by H. Cejtin and the author in [3] (the second argument has the virtue of being completely algorithmic, the first, aside from being 30 years earlier, proves a stronger result) to the statement that every even permutation σ is the product of two n-cycles (Bertram actually shows that it is the product of two l cycles for any l ≥ (M(σ) + C(σ))/2, where M(σ) is the number of elements moved by σ while C(σ) is the number of cycles in the cycle decomposition of σ.
The significance of this to coverings is that we have a very simple way of constructing a covering of a surface with one boundary component with specified cycle structure of the covering of the component, as follows.
First, the proof of Theorem 12 shows that the construction reduces to the case where g = 1, so that we are constructing a covering of a torus with a single perforation.
Suppose now that the permutation can be written as στσ
where σ is an n-cycle. This means that the "standard" generators of the punctured torus group go to σ and τ, respectively. To construct the cover, then, take the standard square fundamental domain D for the torus (the puncture is at the vertices of the square), then arrange n of these fundamental domains in a row, and then a strip, by gluing the rightmost edge to the leftmost edge. Then, for each i, the upper edge of the i-th domain from the left (D i ) is glued to the lower edge of D τ(i) .
In an upcoming joint paper with Manfred Droste we extend the results of this section to infinite covers.
Quantifying residual finiteness.
Khalid Bou-Rabee in [2] has analyzed the following question: given a residually finite group G and an element g ∈ G, how high an index subgroup H < G must one take so that g H, in terms of the wordlength of g. Bou-Rabee answers the questions for important classes of groups, including arithmetic lattices and nilpotent groups. Here we wish to point out that for surface groups (including free groups) we have the following bound:
Theorem 14. Given an element g ∈ G of word length l(g), there is a subgroup H of G of index of order O(l(g)), such that g H.
Proof. Let F be a surface such that π 1 (F) = G. It is obviously equivalent to consrtruct a cover F of the surface F whose fundamental group is H, such that g does not lift to F. There are two cases. The first is when the geodesic γ(g) in the conjugacy class of g is simple. In that case there are two further cases: the first arises when γ(g) is homologically nontrivial. In that case, there is a geodesic β transversely intersecting γ in one point. Cutting F along β and then doubling gives us a double cover where g does not lift. The second case is when γ(g) bounds. In that case, cut along γ(g) to obtain two surfaces with boundary. each of them admits a (connected) cover which restricts to a triple connected cover over γ(g). Gluing along this cover, we obtain a cover of F where g does not lift.
The second case is when g is not simple. In this case, an examination of G. P. Scott's argument in [17] shows that there is a cover F of F of index linear in the word length of g where the lift of g is a simple. The first case analyzed above then completes the argument. Theorem 14 can be combined with the results of [14] Proof. For a fixed , the probability that p(n) = p, for some n < N is given by
where the product is over all the primes smaller than p, and so the expectation of p(n) is given by:
and the latter sum converges rapidly to 2.92005...
Regular coverings. D.
Futer asked whether the results of the previous section had analogues when the covering given by Π was additionally required to be regular. This seems to be a hard question in general. For example, in the case where S is a planar surface with k boundary components, we have the following result:
Theorem 17. In order for a covering of the boundary of S to extend to a regular covering of S, it is necessary and sufficient that, in addition to the requirements of Theorem 12 (part 1), there must be a subgroup G < S n , with |G| = n and G is generated by γ 1 , . . . , γ k , where γ i ∈ Γ i , for i = 1, . . . , k.
As far as the author knows, there is no particularly efficient way of deciding whether the condition of Theorem 17 is satisfied.
Here is a more satisfactory (in not very positive) result: Proof. Let the degree of the covering be n. If S has one boundary component, the generator of the π 1 (∂S) gives rise to the cyclic group Z/nZ, which is a subgroup of the deck group of Π.. Since the deck group has order n (by regularity), the covering is cyclic (so that the deck group is, in fact, Z/nZ.). A cyclic group is abelian, and since the generator of π 1 (∂S) is a product of commutators, it is killed by the map Σ. But this contradicts the statement of the first sentence of this proof (that this same element generates the entire deck group).
The proof also shows the following:
Theorem 19. Let Π : S → S, where S has a single boundary component, be an abelian regular covering of degree n. Then S has n boundary components.
We can combine our results in the following omnibus theorem:
Theorem 20. Let S be a surface, whose boundary has k connected components. Let the conjugacy classes of the k coverings be be Γ 1 , . . . , Γ k . In order for a constant cardinality n covering of ∂S to extend to a regular covering of S it is necessary and sufficient that there be elements γ 1 ∈ Γ 1 , . . . , γ k ∈ Γ k such that γ 1 , . . . , γ k generate an order n subgroup of S n and γ 1 . . . γ k = e.
